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QUBO : #E2H,E Fred Glover

Quadratic Unconstrained Binary Optimization (QUBO) :

min E(z) = 27 Q.
z€{0,1}™

z = [z,...,z,]T % binary decision vector ; Q % coefficient
matrix ; E #/NEEF o A 22 = 2, > diagonal quadratic terms A[{R%
linear terms °

Fred Glover E& Gary Kochenberger % A EHAI#EEIRS QUBO 18
B metaheuristics ; QUBO LIFRE— AYEE—FH 5 » HIRFE
& 0-1 quadratic 2 pseudo-Boolean optimization o

B £,
EP%EH&EE Fred Glover
o —HF 0/1 BRE > Q BEtARAY > QUBO Bt RIECRBLAN #1228
=J°
Fred Glover

Glover, Kochenberger, Du (2019), A Tutorial on Formulating and Using QUBO Models
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Constraints ¥1fA/%E4EY Penalty Terms ?

[RR3RE
min f(z) s.t. g¢,(z)=0
AIE R unconstrained objective

E(z) = f(x)+Y_A\P.(z),  P(2)=[g,(2)]*

E3R  constraint BRI P, =0 ; B/ P> 05 A, > 0 EHIESEE -
Exactly-one example: z; + 2, + 2z, =1

P=(z,+2g+23—1)2=1—2; — 2y — T3 + 27,20 + 27,75 + 22575.

hEERER

Fas TREEER) RERAME ; QUBO Bk MERFMRRAIFLIEMAMZS] > BT constraint 1k objective ©
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Penalty Weight \ : ZBEREER/ ?

4

& 1, m&{E feasible solution » 2; @%@ infeasible solution » E3% feasible B5HE
f(xp) < flz;) + AP(x)),

Fitt
flxp) = f2;)
P(xy) ‘

B . BIRATER objective ¢ 10 F£F 6 » &)\ violation penalty % 1 8

A>

10<64+A = A>4.

A X/ i solver AIBEIESERRIRENBRBENFRIBMREA ; XX : objective ZE# penalty &R - BERELE
o

REERER

BERRAFABRIANALD 4 7T 0 ERIEMOIMATSEEER 4 75> BRI NERMEERER) ©
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=TERF§EH Static Penalty Weight 7%

© Fixed large weight: 5tE—{ERAREEAM )\ o fHEE > (BAEIAEIAK o

© Objective-range / gain bound: E:HERRZ AN EZ ) objective » € penalty BB gain
@Jtll] A> Afmax/Pmin °

© Incremental tuning: %/ )\ FtE ; EREBRMERMZLHA > FIU0 N\ X, c> 10

%1 constraints B :
E=f+ MNP +XP,+-

K[ constraints WREHEEMERR » FILEE FRERBER—E )

REERER

FRFREIAE R AT —EAEE : EFRRAIAERIGIN/ V8 » EE constraint FERBIFEIEINE AR o
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& Penalty Weights : Grid Search B9fX{&

gﬁ )‘ = ()‘17 /\2) ’ E-”EH grld SearCh : Grid search: 6 x 6 = 36 evaluations
5 [ ) [ ] [ ] [ ) [ ] [ ]
A €dag, a0t Ay € {by, 00, ) J. . . . . .
B m x n X expensive evaluations o &5 6 L2 y3ie . . . . R
36 & ; =1& weights B 63 = 216 |k o 2l . . . . .

chE A E B e e e e

GEEEHESRBECERSIRER AT @8 > BR2AL T : T T :
%’“iﬁﬁ%\g ® lambda 1
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Gaussian Distribution 2 Carl Friedrich Gauss

BE®4E Gaussian :

X ~N(p,0%),  pla)=

p BHIL 5 0? 2 variance ; o BANHHE - BREHER

1
V2no?

e (z=n)?/(20%)

Pla< X <b) :fabp(a:)dx°

Carl Friedrich Gauss (1777-1855) H#& « XXX Al&H#
least squares BiFEESRL ; normal/Gaussian distribution K%

BEREREAFTBYIER] o

PEERRES

RHRZESS :

FRIE TR 165 cmy » BER THESHEE ©

Carl Friedrich Gauss
(1777-1855)
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#¢ Multivariate Gaussian % Gaussian Process

%1& random variables 2R y = [y1, ..., y;n) T ¢
Yy “‘JV(#:EDy
HAp v, = Cov(y,, y,) HIREIE =~ RBIRAM: o
Gaussian Process (GP) 2 lfunction ERERDR] :
f(@) ~ GP(m(z), k(z, z)).
EREREHA z,, ..., 2, * HRBERSEHMARKE multivariate Gaussian °

Samples from a GP prior
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REERER

ERBE—ER > MEBGRSF TAIMENGR ; BrE% > TEEMNGIRENL
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Kernel 81 GP Posterior : Bflan{al k& a8 2

% F RBF kernel :

202
£ 5 TZIR{MEAELL © 447 observations (X,y) £ noise o2 » test point z, #9 posterior :
=K. x(Kxx +on1)7'y,

k(z,a') = o2 exp[— (z— x/)2] .

0l =K, — Kx(Kxx +o31) 'Ky,
15
1.0
0.5
0.0
-0.5
—1.09 ___ posterior mean
Cis uncertainty
® observations
o 2 4 6 8 10

REERER

BEEIBAM I - FAELLBRAIEE | BEERHRE - PIERRRE TIRTHRE]
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Thomas Bayes £ Bayes’ Theorem

Bayes’ theorem :
P(H| D)=

H : hypothesis ; D : observed data ; P(H) : prior ; P(D | H) :
likelihood ; P(H | D) : posterior ; P(D) : evidence °

Thomas Bayes (c.1701-1761) RHEEAMEHER ; HEREE
# I {EM Richard Price 7£ Bayes @it B EIBERK - ¥ H Bayes H1&
NELEEMNEFTEFE -

PEERRE S

FEARESERS AAERERE B prior ; EEIthiE#E 8 IXE data ; EMEE Thomas Bayes

HBIEMEMNREZR > L2 posterior o e
(c. 1701-1761)
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Bayesian Optimization (BO) : B/

BO @& objective F(\) &R evaluation R& ~ REMRF
gradient ~ £#E& noise HIEM ©

Q EVEWA \ BEIEKRM QUBO °

© AEK fit GP surrogate ©

© GPHAEE u(\) B o)) ©

© acquisition function JRE T—ERESRIRIES o
© HEIiE evaluate s IIAER » BEH GP o

PEERRES

GP B MtEEMNE | > BO B NFIERE | tERRE RIS
& BRARE Tk o

lambda 2

Adaptive GPBO samples

5
° %
4 °
.
34
.

21 @ < °

° ° °
14
0 °

1 2 3 4 5

lambda 1
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Exploration vs. Exploitation £1 Acquisition Function

Exploitation : % GP &R B AiRIFHIH 5 ; Exploration : % uncertainty X - BJ8EiE A BIFEAIMA o
Acquisition function a(\) 18 TTERIFARYF) B IFREGEFRESER) SH—EEESH :

Ay = arg max a; (M)

(B minimization 2R > tHAEIXE R argmin) ° Acquisition ZFREHE > FAINAIUBRERS , EFRE
B QUBO evaluation RH{EEFAIES o

REERER

HEE | —HXBRIRS7MIER exploitation ; B2 IZBEBRAEHRIER exploration o
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Expected Improvement (EI)

M maximization &% > IREREE f+ > GP EIFEE « TR Y(z) ~ N(u(z), 0%(x)) ° Improvement :
I(z) = max(0,Y(z) — f* —¢).

Expected Improvement :
El(z) =E[I(z)] = (un— fT - §P(Z) + 0d(2),
A @

$F—IERHBES 1 (exploitation) ; ETIEZRENE A o (exploration) o ¢ AIIEHIEERMER ©

REEREE

BUEETF | FRETIIRENSE - thE TERAREWBNLCE - E| MEEERIEES S L -
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Upper Confidence Bound (UCB)

Maximization &
UCB(z) = p(z) + ko(zx), z,,, =argmaxUCB(z).

Minimization BJA lower confidence bound
LCB(z) = p(z) — ko(x), x,,, = argmin LOB(z).
x 1V f® exploitation ; s X : f& exploration °

El vs. UCB : EI [ TTEHARELLEATRIERNE%/D 21 ; UCB/LCB R T uncertainty RSBt EEE% - W
#RESEH 2

REERER

KEREME | THRRE 10 HRTERRNENR o ; » 8K > BEHESRERAED -
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Single-\ GPBO : %&4¢—1@& Penalty Weight ZE

SMERIRE :
A =arg rp;g] F(N),

HAp—& F()\) evaluation %R : BIL E(x;)\) = f(z) + AP(z) ~ 1Y solver » £ sampling ~ 518
feasibility £ solution quality °

TR A A =0.1,1,10 — fit GP — F EI/LCB ¥ET—{@ )\ — HIER#R - BH GP - Hi& °
AEMEEH . 2 A QUBO decision variables ; A @5M& hyperparameter ¢ GP 22 )\ = F()) >
FREHRBARE © °

REERER

ﬁ%ﬁ%%’éiﬂfg D BE—RERERICERE - FIUTER 100 EEER2EERT ; SR%E  BRERBE T —(ERERFRNR
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& Single-)\ FEHZIE Penalty Weights

E(x; M, A) = f(z) + A\ Py(z) + A Py(),
SNE GP 28
F(>‘17)‘2) ~ 9‘7)(771()‘)7]{;()‘7)‘/))

SR acquisition RZHEFEET—4 (\,, \,) ° & weights %@ orders of magnitude » BEA<
z = log,, \, BB GPBO °

REERER

—gﬁﬁﬁﬂﬁﬁiﬁﬁ@ﬁﬁﬁﬂ D PINRETERAIZEECH NEREMME) - BO FEBAEHEGHET MeBRSHERREN
& o
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Grid Search vs. GPBO : A&fa] GPBO &4 Samples ?

Grid search: 6 x 6 = 36 evaluations Adaptive GPBO samples
5{ @ ° ° ° ° ° 1 o o,
44 @ ° ° ° ° ° 4 °
°
T 31e ° ° ° ° ° PR
o ° [ ]
Q Q
E 24 @ ° ° ° ° ° E 2{ @ ) °
) [ ] [ ]
1{ @ ° ° ° ° ° 1
o4 e ° ° ° ° ° 0 °
0 1 2 3 4 5 1 2 3 4 5
lambda 1 lambda 1
Grid : FRABMRAIPAE A E BO : {RIFENEH BEREET &

E5% 6 26> grid & 36 2 - GPBO mJ4cA /D& initial samples > B{fi#9 8-12 % adaptive evaluations ;
FlUN4EEH4Y 12-16 R EBREL - B sample-efficiency HEEBEE » RE2(R:% GPBO X
#BRHB grid search o
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GPBO HY9ME Objective 0{aIz&%5T ?

REERBRIE QUBO energy ; EE RBVEIE feasibility 82 solution quality §7E—iE o U0
minimization : B

F()‘) = ffeasible()‘) +p [1 - Tfeasible()‘)}v
B reaaive € [0,1] %R solver runs A feasible solutions BIELf > p > 0 EEFIEEFREES] o HATAIA
runtime / stability °

annealer / heuristic solver & stochastic noise » [E— \ AIE#EZR{H5T mean £ variance ; GP
o2 AJF&R R observation noise ©

REERER

EXETHERE—RESED ; UEE EFE  BRJFZ » FHREFWM) -
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Practical Recipe : QUBO Penalty Weight GPBO

Q B f(z) BEME P.(2) > £IEE P, = 0 STEEMZER constraint satisfied o

@ H objective-range bound & incremental tuning & weight & -

© ¥ )\, Hllog scale (B orders of magnitude) ©

© H/VE space-filling initial samples & GP °

© Fit GP > {#H EI 5f UCB/LCB ¥ T—*#H weights ©

© =48 weights E4& solver runs » 518 feasibility ~ quality ~ noise ©

@ = evaluation budget « EBENFZRELLE - RBLUBIL runs BRFERE weights ©

REEREE
SEAE AR I0E > BIERE ; FRA 1 58 1 Brs—THE—R -
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Take-Home Messages

@ QUBO A penalty term 18 constraints #& objective ; X\ JRE NMERMFRISHEMB VD]
Q BESHEME FH  BELIEAEEHE ; £ constraints FEEEEEZE weights ©
© GP AR7EAI mean > th3&H| uncertainty ; kernel & LS EBEREZAEMLL ©

@ BO A acquisition function 7 exploitation £ exploration RJEE ; El £ UCB/LCB 2mfE&EA
iE o

© GPBO #3754 &% QUBO/annealing evaluation R &1 # penalty tuning » &JtE dense grid
¥ sample-efficient o

References: Glover, Kochenberger, Du (2019), arXiv:1811.11538; Kochenberger et al. (2014), . Combinatorial Optimization;
Rasmussen & Williams (2006), Gaussian Processes for Machine Learning; Jones, Schonlau, Welch (1998), J. Global
Optimization; Srinivas et al. (2010), ICML.
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