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Introduction

The level set  of a function at level c  is the set 
of points

Theorem 5.7 The gradient of f(x): f(x)  is orthogonal  
or normal  to the tangent vector to an arbitrary smooth 
curve passing through x0  on the level set determined 
by f(x)=f(x0) . (see Figure 5.4).

The direction in which f(x)  points is the 
direction of maximum rate of increase of f  at x . 



Gradient Descent Algorithm

Starting with x(0)

Move by an amount 

i.e.
where k  is a positive scalar called step size .

Small step: laborious
Large step: zigzag path



Steepest Descent

k  is chosen to minimize



Steepest Descent

Proposition 8.1 For each k , the vector is 
orthogonal to the vector

Proof Key: 

Proposition 8.2 For each k ,
Proof Key: ’(0) < 0. 



Example



Stopping Criterion

Alternative 1

Alternative 2

Alternative 3

Alternative 4: Relative values

Avoiding dividing by small numbers



Quadratic Function Optimization

Quadratic function optimization

where QRnn is symmetric positive definite matrix

By steepest descent



FON
C





Analysis of Gradient Methods on quadratic 
function optimization

Convergence
Globally convergent: 

for arbitrary starting point  FONC minimizer
Locally convergent

Provided the initial point is sufficiently close  FONC 
minimizer

Gradient methods
Steepest descent
Gradient method with fixed step size

Alternative optimization function vs. (x)



Lemma 8.1







Lemma 8.2

Using Rayleigh’s Inequality







Convergence Rate

Le
t





Example 8.5



Example 8.5



Theorem 8.5 If 

Then the order of convergence (if it exists) strictly exceeds p . 







Introduction to Optimization
Part I: Unconstrained 

Optimization

Chapter 9 
Newton’s Methods



Introduction

Steepest descent (using only 1st derivatives) is 
not always the most effective.
Newton’s method uses both 1st and 2nd 
derivatives (a quadratic approximation to the 
objective function) performs better if the initial 
point is close to the minimizer.
See Figure 9.1





Newton-Raphson Method

Taylor series expansion of f  about the current 
point x (k):

First-order necessary condition

If F(x (k))>0, then q  achieves a minimum at 









Newton-Raphson Method (Cont.)

Two steps:
1. Solve linear equations

1. Set

Newton’s method can also be viewed as a 
technique to solving the equation system:

In such case, F(x)  is the Jacobian matrix of g  at x , i.e. (i ,j ) 
entry is (g / x j)(x ). 



Analysis of Newton’s Method

When  is a quadratic function
The order of convergence of Newton’s 
algorithm is  for any initial point.

In general case
The order of convergence of Newton’s 
algorithm is at least 2 for all initial point 
sufficiently close to x*.



Warning

Newton’s method may not be a descent 
method



Modified Newton’s Method



Potential Problem

Problem 1: 
Computationally expensive. e.g. evaluation 
of F(x(k)) and solving linear equation system.

Problem 2: 
When Hessian matrix is not positive definite.



Levenberg-Marquardt Modificaion

Modification:

Reasoning
when  is sufficiently large then is positive definite. Then 
the search direction

always points in a descent direction.
In summary, k 0, pure Newton’s method
k , gradient method



Newton’s method for 
Nonlinear Least Square

Nonlinear Least Square

1st order derivative
2nd order derivative



In matrix form







Gauss-Newton Method


