
Chapter 10

Conjugate Direction Methods



Conjugate direction method
Intermediate between the method of 
steepest descent and Newton’s method

Properties
Solve quadratics of n  variables in n  steps
Conjugate gradient algorithm requires no 
Hessian matrix evaluations
No matrix inversion and no storage of n n  
matrix are required



Definition

Q-conjugate
Let Q be symmetric n n  matrix. The vectors d
(1) , d(2) , …, d(m)   Rn  are Q-conjugate  if for all 
i j , we have 



Lemma 10.1



Compute Conjugate Directions

Construct a set of Q-conjugate vectors d(0) , d(1) , d(2)  for 

Let Q be a real symmetric positive definite n n  matrix. 
Given an arbitrary set of linearly independent vectors {p(0) , 
p(1) , …, p(n-1) } in Rn , the Gram-Schmidt procedure 
generates a set of vectors {d(0) , d(1) , …, d(n-1) } as follows: 



Compute Conjugate Directions



10.2 Basic Conjugate Direction 
Algorithm for Quadratic Optimization

For quadratic function optimization

Basic Conjugate Direction Algorithm 
Given a starting point x(0) , and Q-conjugate 
direction {d(0) , d(1) , …, d(n-1) }; for k0,



Theorem 10.1



Example 10.2





Steepest Descent

k are choosing to minimize



Lemma 10.2

In the above algorithm, for all k , n-1   k 0, and k  i 0.



By Lemma 10.2 we see that gk(+1) is orthogonal to any vector from the subspace 
spanned by d(0), d(1), …, d(k).





A local approach for global 
optimization 



10.3 Conjugate Gradient Algorithm

Steps:
1. First direction: d (0)=-f (x (0))
2. Other direction: linear combination of gradient -f (x (k+1)) 

and d (k)

1. Steepest descent: Propositi1on 10.1 In the 
above algorithm, the 
directions d(0) , d(2) , …, d(n-1)  
are conjugate.





Proof of Proposition 10.1





Example 10.3







10.4 For General Nonquadratic Problems

Use 2nd-order Taylor series approximation of the 
objective function.

Problem: 
The Hessian is not constant. 

Solution: eliminate the Hessian evaluation.

The Q-conjugacy tends to deteriorate.
Solution: reinitialize the direction vector.

If line search is inaccurate, the Hestenes-Stiefel 
formula is recommended.



10.4 For General Nonquadratic Problems

Hestenes-Stiefel Formula

Polak-Ribiere Formula

Fletcher-Reeves Formula.





Chapter 11 
Quasi-Newton Methods



Introduction 

Newton’s method does not guarantee (x(k+1))
< (x(k))
Modification

e.g.



Computation Drawback

The need to evaluate Hession function F(x(k)) 
and solve the equation F(x(k))d(k)=-g(k) 
Quasi-Newton methods use an 
approximation to F(x(k))-1.
What matrix Hk can approximate F(x(k))-1?




