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1. Please derive the worst case lower bound of the sorting problem? (40%)

To every deterministic algorithm for sorting n distinct keys there corresponds a pruned, valid, binary decision tree containing exactly n! leaves ,and the worst-case number of comparisons done by decision tree is equal to its depth ,any deterministic algorithm that sorts n distinct keys only by comparisons of keys must in the worst case do at lease (log(n!)( comparisons of keys .
And then we prove (log(n!)(= Ω(nlogn)  

log(n!)=logn+…+ log( (n/2( )+…+log1
≧log( (n/2( )+…+ log( (n/2( )+0+…+0≧(n/2)log(n/2)
   claim   (n/2)log(n/2)≧(1/4)nlogn

        ((n/2)^(1/2)≧n^(1/4)

        ((n/2)^2≧n

        (n≧4

        ∴log(n!)≧(1/4)nlogn , ( n≧4

so log(n!)=Ω(nlogn)
Now we can say that Ω(nlogn) is a lower bound for algorithms that sort by comparing keys.
2. Please derive the best case, worst case and average case time complexity of the quick sort algorithm (60%)

Best case: O(nlogn)
B(n)=B(n/2)+B(n/2)+c*n , c≧0 , T(1)=1
(B(n)=2B(n/2)+c*n

      =4B(n/4)+c*2n

…
=n*B(n/n)+c*logn*n
                 =n*B(1)+c*nlogn

                 =n+c*nlogn             
( B(n)= O(nlogn)
Average case: O(nlogn)
A(n)=(1/n)Σ[ A(s)+A(n-s) ]+c*n , summation for s=1 to n , c≧0
(A(n)=n+c*n*(1/n+1/(n-1)+…+1/2)+c*n*(1/(n-1)+1/(n-2)+…+1)

Let Hn=1/n+1/(n-1)+…+1/2+1( logn
(A(n)=n+c*n*(Hn-1)+c*n*(Hn-1/n) =2*c*n*logn- c*n + n - c

( A(n)= O(nlogn)

Worst case: O(n^2)
              W(n)=c*n+W(0)+W(n-1) ,W(0)=0 ,W(1)=1

             (W(n)=W(n-1)+c*n 

                   =W(n-2)+c*(n-1)+c*n

                   …
                   =W(0)+c*(1+2+…+n)

                   =c*(n*(n+1))/2

             ( W(n)= O(n^2)
